Electrothermal models that describe the steady-state electrothermal behavior of a general electrothermal transducer have been developed using the one-dimensional heat transport equation. Compared to previously reported electrothermal transducer models, these models produce simpler equations for the temperature change versus an electrical input. Models of the transducer temperature distribution are derived using various thermal conditions such as surface convection and temperature-dependent electrical resistivity. The models are made for a general electrothermal transducer by assuming that the transducer is attached to arbitrary thermal resistances at its boundaries. Critical thermal parameters of the transducer-such as the position of maximum temperature, maximum temperature change and average temperature change-are derived from the models. It is shown that the average temperature change versus applied power and voltage relationships of the simpler models always agree with the more accurate model within factors of 12/π 2 and 2 √ 3/π respectively. It is also shown that the temperature change of an electrothermal transducer is approximately linear with respect to applied voltage when actuated in a certain voltage range. The models are compared to FEM simulations and experimental results of an electrothermal micromirror.
Introduction
Electrothermal transducers are common in MEMS devices and have been used in applications such as micro-optical devices, gas and pressure sensors and read-write cantilevers for data storage [1] [2] [3] [4] [5] [6] . Modeling the electrothermal behavior of these devices can be challenging if the thermal distribution of the device varies over more than one dimension and/or if the thermal properties and conditions (such as thermal conductivity, electrical resistivity, convection and radiation) are temperature dependent.
Temperature dependence is especially true for polysilicon-based electrothermal transducers because the electrical resistivity and thermal conductivity of polysilicon are strongly temperature dependent [7] . In such cases numerical techniques, such as finite element method (FEM), are commonly used to model electrothermal transducers with complex geometry and/or nonlinear thermal behavior. Geisberger et al used FEM to model the behavior of polysilicon thermal transducers [7] . Another way to numerically model electrothermal behavior is to use a lumped element model (LEM) in a circuit simulator such as SPICE. Manginell et al developed an LEM to simulate the behavior of a polysilicon-based microbridge gas sensor [4] . LEMs offer an advantage over FEMs in that optimal designs can be obtained by sweeping parameters of LEMs. However, the most efficient way to optimize a design is to develop an analytical model that gives direct relationships between input parameters, physical properties and dimensions and output parameters.
Many analytical models have been developed for electrothermal transducers using the heat transport equation. A common type of electrothermal transducer is a microbridge where the boundaries of the transducer are attached to contact pads. Tai et al developed an analytical model to describe the electrothermal behavior of a polysilicon microbridge [8] and a detailed description of this model was given by Mastrangelo [9] . Models for similar devices were reported by Fedder and Howe [10] and Lin and Chiao [11] . The electrothermal models described in [8] [9] [10] [11] are applicable to electrothermal transducers that have identical boundary conditions at the transducer boundaries, i.e., either each boundary is held to a constant temperature, or the boundaries are attached to contact pads of identical thermal resistance.
However, many electrothermal transducers have more complex structures that require different types of boundary conditions.
For instance, in a common type of hot arm/cold arm electrothermal transducer design, the transducer is composed of regions of different cross-sectional areas, resulting in a non-symmetric temperature distribution upon actuation.
Temperature and heat continuity boundary conditions must be applied at the region interfaces. Analytical models for hot arm/cold arm electrothermal transducers have been reported by Huang and Lee [12] , Hickey et al [13] and Yan et al [14] . Another example of an electrothermal transducer that required interface boundary conditions was an electrothermally actuated micromirror shown by Lammel et al [15] . The problem with obtaining an analytical electrothermal model for a device with multiple regions is that matrix equations are required to solve for constants of integration. These matrix equations can be large and tedious to solve analytically. Therefore, it would be beneficial to derive a general model for an electrothermal transducer that can represent the constants of integration without the need to solve large matrix equations.
In this paper we develop general electrothermal analytical models that can be used for electrothermal transducers with arbitrary material properties and arbitrary thermal resistances at the transducer boundaries. These general models were originally developed for an electrothermal micromirror (the mirror design was previously reported by Xie et al [2] ) and can be applied to many types of electrothermal transducers. In section 2.1, we define the properties of a general electrothermal transducer that are used to develop the models. In section 2.2, specific models of the transducer electrothermal behavior are developed using the one-dimensional heat transport equation for three cases that give results that vary in simplicity and accuracy. In section 2.3, the derived analytical models are compared to each other using normalized parameters to show how close the simplified models can predict the electrothermal behavior compared to the more accurate model. Finally, in section 3 the models are compared to FEM simulations and experimental results of the electrothermal micromirror device [2] to test their validity.
Electrothermal models developed from heat transport theory
In this section we will develop analytical models of an electrothermal transducer behavior upon actuation using the heat transport equation. First, we will define the parameters of the electrothermal transducer. Second, we will develop electrothermal models of the transducer using three cases. Finally, we will compare the results of the case models using normalized parameters. 
General electrothermal transducer definition
Here we give the properties of the electrothermal transducer that are used to develop the electrothermal models. We are modeling an electrothermal transducer, shown in figure 1(a), which is actuated by applying a voltage across or current through an electrical resistor embedded in the transducer. The transducer has the following properties.
(a) The transducer is made of an arbitrary shape that has a finite length (L), cross-sectional area (A) and perimeter length (C). The cross-sectional area (A) and perimeter length (C) are constant along the length of the transducer. (b) The temperature distribution is assumed to be uniform about the cross-sectional area in the y and z directions and the temperature varies only along the length in the x direction denoted as T (x). The temperature change at a position x is defined as
where T 0 is the substrate and ambient temperature. (c) The transducer has a thermal conductivity (κ) that stays constant with changes in temperature. If the transducer is a composite structure of different materials, then κ is given by the average of the thermal conductivities of the materials in the transducer. (d) Embedded in the transducer is an electrical resistor which is used to generate heat upon actuation. The transducer electrical resistivity (ρ) varies linearly with temperature.
The electrical resistivity at a position x is represented by
where ρ 0 is the electrical resistivity at the ambient temperature, and ξ is the temperature coefficient of electrical resistance (TCR). (e) The transducer is attached to two arbitrary thermal resistances at its boundaries. R TL represents the equivalent thermal resistance seen to the left of the transducer base (x = 0) and R TR represents the thermal resistance seen to the right of the transducer end (x = L).
By summing the heat flow through a differential slice of the electrothermal transducer shown in figure 1(b) , the steadystate heat transport equation for a 1D temperature distribution can be shown to be
where h is the convection coefficient on the surface of the transducer, and q G (x) is the power density generated by the electrical resistor at a position x. We will solve the heat transport equation for three cases that consider different thermal conditions on the transducer which are given below.
(1) Case 1. The power density generated by the electrical resistance is assumed to be uniform about the transducer volume (i.e. q G (x) is constant). Surface convection on the transducer is ignored (i.e. h = 0). This case provides the simplest and least accurate solution. Parameters of the case 1 model will be denoted by subscript '1'. (2) Case 2. The power density generated by the electrical resistance is assumed to be uniform about the transducer volume. Surface convection on the transducer is considered (i.e. h is constant). Parameters of the case 2 model will be denoted by subscript '2'. (3) Case 3. The power density generated by the electrical resistance at a position x along the length of the transducer depends on the temperature change T (x) and is given by
where J is the current density. Surface convection on the transducer is considered. This case provides the most complex and most accurate solution. Parameters of the case 3 model will be denoted by subscript '3'.
In the next section, we use the parameters of the electrothermal transducer and the heat transport equation to develop models for the electrothermal behavior of the transducer.
Development of the electrothermal models
In this section, we develop electrothermal models of the transducer using the heat transport equation. We will develop equations for the temperature distribution, position of maximum temperature, maximum temperature change and average temperature change for each case model. Two thermal resistance terms will be used frequently in the following equations. The first term is the thermal resistance of the electrothermal transducer due to conduction given by R TA = L/κA. The second term is the thermal resistance due to convection given by R CA = 1/hCL.
Boundary conditions.
Once the particular solution of the heat transport equation is found for each case, boundary conditions are applied at the base and end of the transducer to obtain general solutions. We consider the possibility that the transducer can be arbitrarily attached at its boundaries to materials that dissipate heat through conduction and/or convection. The boundary conditions at the transducer base (x = 0) and end (x = L) are respectively given by
where R TL is the thermal resistance seen externally to the left of the transducer base and R TR is the thermal resistance seen externally to the right of the transducer end. These boundary conditions are represented in figure 1 (a) where the boundaries of the transducer are attached to the thermal resistances described above. When the models are applied to a specific electrothermal transducer, the external thermal resistances can be obtained using the properties of the specific design. In section 3, we apply the models to an electrothermal micromirror design and show equations for the external thermal resistances of the design.
Temperature distributions.
The temperature distribution equation for each case can be readily obtained by applying the boundary conditions and were derived in [16] . The case 1 temperature distribution is given by
where P 1 is the total power dissipated by the electrical resistor and f is called the balancing factor and is given by
The balancing factor is a unitless parameter that varies from 0 to 1. The case 1 model was previously reported in [17] . Solving for the case 2 temperature distribution yields
where P 2 is the total power dissipated by the electrical resistor, a = √ R TA /R CA is the square root of the ratio of the conduction thermal resistance to the convection thermal resistance, r L = R TL /R TA is the left-side external thermal resistance normalized by the conduction thermal resistance and r R = R TR /R TA is the right-side external thermal resistance normalized by the conduction thermal resistance. The case 2 model is the same as the case 1 model except that it considers convection on the surface of the transducer. As the surface convection becomes insignificant (or as the convection thermal resistance approaches infinity), the case 2 model approaches the case 1 model (i.e. R TC → ∞, T 2 (x) → T 1 (x)). The case 2 model is similar to a model reported in [15] .
The case 3 temperature distribution can be readily derived as
where c = √ R 0 ξR TA I is the current normalized by the TCR, electrical resistance and conduction thermal resistance and b = √ c 2 − a 2 . The case 3 temperature distribution is similar to models reported in [9, 11] .
2.2.3.
Position of maximum temperature, maximum temperature change and average temperature change. The position of maximum temperature,x, can be obtained by evaluating ∂ T ∂x (x =x) = 0, which for all cases yieldŝ
The maximum temperature change upon actuation, T , can be obtained by evaluating T = T (x =x), which for all cases yields T (x) dx, which for all cases yields
Equivalent average thermal resistance.
For the case 1 and case 2 models, the relationships between the average temperature change and total power are linear, so an equivalent average thermal resistance can be found by taking the ratio of the average temperature change to the total power. The equivalent average thermal resistance can be used to test the nonlinearity of the case 3 model. From equations (17) and (18) we find the case 1 and case 2 equivalent average thermal resistances asR
For the case 3 model, the power is not uniformly distributed about the transducer volume. In this case, current is used as the input argument and therefore we need to find the total power as a function of current. This can be easily done by multiplying the total electrical resistance across the length of the transducer by the input current squared. The total electrical resistance is given by
where R 0 is the initial total electrical resistance at the ambient temperature. Thus, the case 3 total power is given by
Similarly, the case 3 voltage across the transducer can be found by multiplying the total resistance by the current, yielding
So the case 3 total power and voltage are functions of the current and average temperature change, and the case 3 total power is not linearly related to the average temperature change. This means that the slope of the case 3 average temperature change versus applied power is not constant over the actuation range. The equivalent average thermal resistance for case 3 is therefore non-constant and can be derived by taking the partial derivative of the average temperature change with respect to the applied power. Since both the average temperature change and total power are functions of current we can find the case 3 equivalent average thermal resistance
Case 1 and case 2 total power, critical voltage and critical current.
If we want to compare the models to each other we must make them in terms of the same input variables.
The case 1 and case 2 models are in terms of power whereas the case 3 model is in terms of current. So we would like to obtain expressions for the case 1 and case 2 total power as functions of current. Since the total power is linearly related to the average temperature change for cases 1 and 2, we can also derive the total power for both cases as functions of voltage. By using the transducer TCR and equivalent average thermal resistances of the case 1 and case 2 models, it can be shown that the case 1 or case 2 total power as functions of current and voltage is respectively given by
where P 1,2 is the total power for case 1 or case 2 andR T1,2 is the equivalent average thermal resistance for case 1 or case 2.
One of the advantages of the case 1 and case 2 models over the case 3 model is that they can explicitly represent the temperature change in terms of voltage. The case 3 model cannot directly represent the temperature change in terms of voltage because the case 3 voltage is a function of current.
In the case 1 and case 2 models, both the average temperature change and applied power are approximately linear with respect to voltage when a certain voltage is passed. We define the critical voltage of the case 1 and case 2 models to be
The case 1 and case 2 average temperature change and power become linear with voltage when the voltage is greater than half the critical voltage represented respectively by
Therefore, an electrothermal transducer can be linearly controlled with applied voltage when operating in a certain range. We can also define the critical current where the temperature change approaches infinity. For both case 1 and case 2, the critical current is found by setting the denominator of equation (26) equal to zero, yielding
The critical current for case 3 can be determined by finding the current which makes the denominator in the second term of equation (10) 
The case 3 critical current cannot be explicitly solved for in general, except for two special instances. The first instance is where both external thermal resistances are equal to zero (i.e. r L = r R = 0). For this instance the normalized critical current becomes √ R 0 ξR TA I C3 = √ π 2 + a 2 and its minimum value is √ R 0 ξR TA I C3 = π when a = 0. This is the same result reported in [9] . The corresponding case 1 normalized critical current for this instance is given by √ R 0 ξR TA I C1 = 2 √ 3 and the ratio between the case 1 and case 3 critical currents is I C1 /I C3 = 2 √ 3/π . The second instance is where one external thermal resistance is equal to zero and the other is equal to infinity (i.e. r L , r R = 0, r R , r L = ∞). For this instance the normalized critical current becomes its minimum value is √ R 0 ξR TA I C3 = π/2 when a = 0. The corresponding case 1 normalized critical current for this instance can be found to be √ R 0 ξR TA I C1 = √ 3 and the ratio between the case 1 and case 3 critical currents is the same as the previous instance I C1 /I C3 = 2 √ 3/π . This ratio will prove to be useful when we examine the equivalent average thermal resistance of each case. Now that we have forms for the case 1, case 2 and case 3 models, we will compare the results of each model in the next section.
Model comparison using normalized parameters
We can compare the results of the case 1, case 2 and case 3 models by plotting output variables of each model against sets of different input variables. We can make this comparison general by using the following normalized variables:
R TA /R CA ) and external thermal resistances (r L = R TL /R TA and r R = R TR /R TA ). figure 2 which shows a representation of the temperature distribution along the length of the transducer for a normalized input current of c = 1, and different ranges of convection and external thermal resistance values. Convection values of a = 0, 2/3 are considered. The left-side external resistance is set to zero (r L = 0) and the right-side external resistance is set to values of r R = 0, 1, ∞. This represents the full range of external thermal resistance values when one side of the transducer is set to the ambient temperature, and the other side is either connected to the ambient temperature (r R = 0), or thermally insulated (r R = ∞), or connected to a thermal resistance between these extremes. Figure 2 shows that for all values of external thermal resistance, convection lowers the temperature at any position. Note that when both sides of the transducer are connected to the ambient temperature (i.e. when r L = 0 and r R = 0), Figure 3 . Plots of the relative position of maximum temperature versus the external thermal resistance ratio for different values of current and convection. In this figure, the plots to the left of x/L = 0.5 are generated using the external thermal resistance ratio R TR /R TL and the plots to the right ofx/L = 0.5 are generated using the external thermal resistance ratio R TL /R TR .
Temperature distribution. The first comparison is given in
the temperature distribution is symmetric and lower than the other plots, and the maximum temperature exists at the center of the transducer. Figure 2 also shows that when one side of the transducer is connected to the ambient temperature (r L = 0) and the other side is thermally insulated (r R = ∞), the temperature distribution is greater than the other plots and the maximum temperature exists at the thermally insulated boundary of the transducer. For external resistance values between these extremes, the maximum temperature exists somewhere between the center of the transducer and the boundary of the transducer, which has the higher external thermal resistance. These results demonstrate that higher values of external thermal resistance generate greater temperature changes and the external thermal resistances significantly influence the position of maximum temperature. However, figure 2 does not clearly demonstrate the effect of convection and the non-uniform power density on the position of maximum temperature.
Position of maximum temperature.
The position of maximum temperature versus the conduction thermal resistance, external thermal resistances, convection and applied current are plotted in figure 3 . These plots show that the position of maximum temperature is largely dependent on the conduction thermal resistance of the transducer, R TA , the left-side external thermal resistance, R TL , and the right-side external thermal resistance, R TR . The plots on the left-hand side of figure 3 are constructed for R TL > R TR . The plots on the right-hand side are constructed for R TR > R TL . This is done to cover all possible values of external thermal resistances. The relative position of maximum temperature of 0.5 represents the center of the transducer. Note that the maximum temperature is always located on the left side of the transducer if R TL > R TR and on the right side if R TR > R TL . Thus, the position of maximum temperature will always exist toward the boundary with greater thermal resistance. When the external thermal resistances are equal (i.e. R TL /R TR , R TR /R TL = 1) the position of maximum temperature will always exist at the center of the transducer. Figure 3 also shows the effect of R TA . When R TA is small compared to the external thermal resistances, it has little effect on the position of maximum temperature. As R TA becomes relatively large, the position of maximum temperature will move toward the center of the transducer. Furthermore, at a point where the conduction thermal resistance is much greater than the external thermal resistances, the maximum temperature will exist at the center of the transducer.
The case 2 plots in figure 3 are used to show how convection affects the position of maximum temperature. As convection increases (i.e. as a becomes larger), the position of maximum temperature shifts toward the center of the transducer. The plots show that this shift is not very significant for a value of a = 1. The case 3 plots in figure 3 are used to show how the applied current and non-uniform power density affect the position of maximum temperature. As the applied current increases (i.e. as b becomes larger), the position of maximum temperature shifts toward the boundary with greater external thermal resistance. This result demonstrates the effect of the non-uniform power density. As the applied current increases, more power is dissipated at points of higher temperature in the transducer, and the position of maximum temperature shifts toward the boundary of the transducer with greater thermal resistance. This shift is also not very significant for a value of b = 1.
Therefore, the position of maximum temperature is largely dominated by the relative values of the conduction thermal resistance and external thermal resistances. Since the case 1 model considers the conduction thermal resistance and external thermal resistances, it can effectively predict the position of maximum temperature using the balancing factor, as shown in equations (8) and (11) , despite the fact that it ignores the effect of convection and the non-uniform power density on the position of maximum temperature.
Average temperature versus electrical inputs.
The next comparisons cover a wide range of input electrical variables. Figure 4 shows the average temperature change versus (a) current, (b) voltage and (c) power predicted by each model. Each plot in figure 4 is constructed for case 1, case 2 and case 3 models using different normalized values of convection and external thermal resistances. All of the plots in figure 4 show similar trends to the previous plots in that higher convection lowers the average temperature change and higher external thermal resistances increase the average temperature change. Figure 4(a) shows that when applied current becomes large, positive feedback from the electrical resistance increase causes the average temperature to approach infinity. slopes of the case 3 curves increase gradually as the power increases due to the non-uniform power density generated by the electrical resistor. This means that as the applied power becomes greater, the case 3 model predicts higher temperatures.
To examine the extent of the increase of the slope we plot the ratio of the case 3 to case 1 equivalent average thermal resistances for zero convection, and the ratio of the case 3 to case 2 equivalent average thermal resistances for a normalized convection of a = 1, for different values of Figure 5 . Plots of the ratio between the case 3 to case 1 and case 3 to case 2 equivalent average thermal resistance versus current for different values of external thermal resistance. The case 3 to case 2 ratio curves are plotted using a normalized convection of a = 1.
external thermal resistance in figure 5 . Figure 5 demonstrates the significance of the nonlinearity of the average temperature change versus total power of the case 3 model. As the applied current becomes close to zero, the equivalent average thermal resistance ratio approaches 1. This means that the average temperature change versus total power of the case 3 model is approximately the same as the case 1 or the case 2 model for small currents. As the current increases, the equivalent average thermal resistance ratio increases. This increase represents the nonlinear behavior of the case 3 model. As the current increases toward the critical current, the equivalent average thermal resistance ratio increases and approaches a constant value at the critical current.
By examining the plots, it can be seen that the maximum value of the equivalent average thermal resistance ratio occurs at the critical current. At the critical current, the equivalent average thermal resistance ratio is equal to the reciprocal of the ratio between the square of the case 3 and case 1 or case 2 critical currents. The envelopes of the square of the critical current ratios are plotted in figure 5 and the maximum value of the equivalent average thermal resistance ratio always lies along these envelopes. This is an important result because it gives the maximum difference between the average temperature change to total power relationship of the case 3 model compared to the case 1 and case 2 models. This relationship can also be proven by examining equation (25). It can be shown that as the applied current approaches the critical current, the case 3 equivalent average thermal resistance will be maximum and given by
By taking the ratio of the maximum case 3 equivalent average thermal resistance to the case 1 or case 2 equivalent average thermal resistance we have
This proves that the maximum value of the equivalent average thermal resistance ratio is equal to the reciprocal of the critical current ratio squared. In the following paragraph, we will show how this result gives us mathematical insight into how well the case 1 and case 2 models agree with the case 3 model.
The maximum value of the equivalent average thermal resistance ratio of all curves occurs when no convection is present (a = 0) and the external thermal resistances are equal to either r L = 0 and r R = 0 or r L = 0 and r R = ∞. This value is equal to 12/π 2 as shown in the top line of figure 5 . This is a very useful result because it gives us a direct measurement of how accurate the case 1 and case 2 models can agree with the case 3 model for any values of external thermal resistance. From this result we know that the slope of the case 3 average temperature change versus total power will never exceed the slope of the case 1 or case 2 average temperature change versus total power by more than a factor of 12/π 2 . Therefore, we conclude that the difference between the average temperature change to total power relationship of the case 3 and case 1 or case 2 models will always be less than or equal to a factor of 12/π 2 ≈ 1.216. Similarly, the difference between the average temperature to voltage relationship of the case 3 and case 1 or case 2 models will always be less than or equal to the square root of this factor or 2 √ 3/π ≈ 1.103. Thus, the average temperature versus power and voltage relationships of the case 1 or case 2 will always agree with the case 3 model within these factors and provide a reasonable approximation of the electrothermal behavior of the transducer.
Summary of model results.
We have developed three models to predict the behavior of an electrothermal transducer. Below is a summary of the important characteristics of an electrothermal transducer predicted by the models.
• The position of maximum temperature is largely determined by the conduction thermal resistance of the transducer and the external thermal resistances attached at the boundaries and can be predicted using the case 1 balancing factor. Surface convection and the non-uniform power density do not significantly affect the position of maximum temperature.
• Higher external thermal resistances raise the temperature change for a given electrical input. Higher surface convection lowers the temperature change for a given electrical input.
• The case 1 and case 2 models give a linear relationship between the temperature change and total power and can explicitly represent the temperature change in terms of voltage.
• The temperature dependence of the electrical resistivity causes the temperature change of the transducer to be approximately linear with respect to applied voltage when operated past half the critical voltage.
• The non-uniform power density causes the case 3 average temperature change to be nonlinearly related to the total power. The significance of the nonlinearity of the case 3 model was determined by comparing the equivalent average thermal resistances of the models. This comparison shows that the average temperature change versus total power and voltage relationships of the case 1 and case 2 models always agree with the case 3 model within factors of 12/π 2 ≈ 1.216 and 2 √ 3/π ≈ 1.103 respectively.
In the next section, we will apply the models to an electrothermal micromirror and compare the model results to FEM simulations and experimental measurements.
Model verification using FEM and experimental measurements
The electrothermal transducer models have been used to model the behavior of a 1D electrothermal micromirror design that was previously reported by Xie et al [2] . The micromirror design consists of four regions--an electrothermal bimorph actuator region, a mirror plate region, a substrate thermal isolation region and a mirror thermal isolation region as shown in figure 6 . The mirror is actuated when a voltage is applied to polysilicon resistors embedded in the bimorph actuator array. The power dissipated by the resistors raises the temperature of the bimorph actuator array and the difference in the coefficients of thermal expansion (CTEs) of the bimorph materials cause the bimorph beams to change curvature and rotate the mirror surface. The thermal parameter that affects the mechanical rotation angle is the average temperature change of the bimorph beams [16] . Thus, in order to model the electrothermomechanical behavior of the device, we must extract the average temperature versus current or voltage relationships from electrothermal modeling.
Description of the electrothermal micromirror device
The electrothermal transducer models described previously can be applied to the micromirror design [2] . As shown in figure 6 , there are 72 bimorph beams in the actuator array. The polysilicon electrical resistors of two adjacent bimorph beams are attached in parallel yielding a total of 36 electrical resistors in the actuator array attached in series. Since the device is symmetric about the width of the actuator array, the temperature will be approximately uniform about the width of the actuator array. Therefore, the actuator region can be cut into one two-beam section for thermal analysis. A cross-section slice of one two-beam section of the micromirror device is shown in figure 7 . Since resistors in the actuator array are attached in series, the voltage and electrical resistance of one two-beam section must be multiplied by a factor of 36 to find the total voltage and electrical resistance across the entire array. An SEM of the micromirror device is shown in figure 8 . The material and geometric parameters of all of the micromirror regions for a two-beam section are given in table 1. Figure 7 . Side-view schematic of one two-beam section slice of the micromirror device for thermal analysis. The transducer thermal parameters are extracted from the material and geometric properties of the bimorph actuator region. The bimorph actuator is composed of an SiO 2 bottom layer, an Al top layer and a polysilicon layer embedded in the SiO 2 layer. The left-side external thermal resistance is the thermal resistance due to the conduction and convection in the substrate thermal isolation region. The right-side external thermal resistance is a combination of the thermal resistance due to conduction and convection in the mirror thermal isolation and mirror plate regions. The thermal isolation regions are composite structures of Al and SiO 2 layers. The mirror plate region is composed of a thick single crystal silicon (SCS) bottom layer, an Al top layer and an SiO 2 layer in between both layers.
External thermal resistance equations.
To find the left-side and right-side external thermal resistances for the micromirror device, we use an equation for the equivalent thermal resistance seen looking into a convecting region which was derived in [16] and is given by R cr = R Tcr R Ccr a cr r ex cosh a cr + sinh a cr cosh a cr + a cr r ex sinh a cr (35) where R Tcr is the conduction thermal resistance of the region, R Ccr is the convection thermal resistance of the region, R ex is the external thermal resistance seen at the end of the region, a cr = √ R Tcr /R Ccr , and r ex = R ex /R Tcr . We can apply equation (35) to the substrate isolation region to find the external thermal resistance seen to the left of the bimorph actuator, R TL . The substrate thermal isolation region is attached to the substrate at its end; thus, the external thermal resistance at the end of the substrate thermal isolation region is zero. Therefore, the external thermal resistance seen to the left of the bimorph actuator is given by
where R Tis is the conduction thermal resistance of the substrate thermal isolation region, R Cis is the convection thermal resistance of the substrate thermal isolation region and a is = √ R Tis /R Cis . The length of the substrate thermal isolation region is relatively small, so the equivalent thermal resistance will be dominated by the conduction thermal resistance.
We can also apply equation (35) to the mirror isolation region to find the external thermal resistance seen to the right of the bimorph actuator, R TR . The mirror isolation region is attached to the mirror plate at its end and thus the external thermal resistance seen at the end of the mirror thermal isolation region will be due to conduction and convection of the mirror plate. This equivalent thermal resistance can be found by applying equation (35) to the mirror plate region. Since the mirror plate region is free at its end, we assume that the end of the mirror is thermally insulated. Thus, the external thermal resistance seen at the end of the mirror plate is infinite. The equivalent thermal resistance of the mirror plate region is therefore given by
where R Tm is the conduction thermal resistance of the mirror plate region, R Cm is the convection thermal resistance of the mirror plate region and a m = √ R Tm /R Cm . The mirror plate region is relatively long, so convection on the surface of the mirror could dissipate a significant amount of heat. Using the equivalent thermal resistance of the mirror plate region, the equivalent thermal resistance to the right of the bimorph actuator region becomes
where R Tim is the conduction thermal resistance of the mirror thermal isolation region, R Cim is the convection thermal resistance of the mirror thermal isolation region, a im = √ R Tim /R Cim , and r m = R m /R Tim . These equations for the external thermal resistances complete the electrothermal models of the micromirror. In the next sections, we will compare the results of the models and FEM simulations to experimental results.
Experimental results
Two types of characterization experiments were conducted on the micromirror device. The first was a dc characterization experiment where the current through the device was measured from a range of applied voltages. The average temperature change cannot be measured directly, but is related to the electrical resistance as shown by equation (22). Therefore the average temperature change was extracted by measuring the electrical resistance at a given actuation point and then using the polysilicon TCR with equation (22) to calculate the average temperature change at that actuation point. The polysilicon TCR was determined to be 5.85 × 10 −3 K −1 from a previous experiment [16] . The dc characterization data provided the extracted average temperature change versus current, voltage and power. The second characterization experiment was a thermal imaging experiment which revealed the temperature distribution of the device over a range of applied voltages. FEM simulations were conducted using CoventorWare 2 . The characterization data and FEM simulations were used in comparison with the model predictions to test the validity of the models.
DC characterization experiments.
The dc characterization experiments were conducted in a vacuum chamber and open air to test the thermal behavior of the device without and with the presence of convection, respectively. Experimental results of the average temperature change versus current, voltage and power are respectively shown in figures 9(a), (b) and (c). For both vacuum chamber and open air experiments, the experimental average temperature change was nonlinear with respect to the applied power as shown in figure 9(c) . The slope of the average temperature change versus power was found to decrease as the power increased. This nonlinear behavior could be due to radiation, the Thompson effect [9] and/or temperaturedependent thermal conductivities. In the open air experiment, the nonlinear behavior could also be due to a temperaturedependent convection coefficient that changes as the power increases.
The open air experiments produce a lower average temperature change compared to the vacuum chamber experiments for all actuation ranges as shown in all plots in figure 9 . This result demonstrates that the presence of convection lowers the average temperature change. When the device was characterized in open air, the convection coefficient was unknown.
To estimate the convection coefficient, the experimental data were fitted using a quadratic equation, and the convection coefficient used in the case 2 model was adjusted until the equivalent average thermal resistance of the case 2 model matched the linear term of the quadratic experimental fit. This approach yielded a convection coefficient of approximately 193 W K −1 m −2 on the surface of the device.
The plots of the average temperature change versus current and voltage shown respectively in figures 9(a) and (b) demonstrate the effect of the polysilicon TCR on the thermal behavior of the device. The plots in figure 9(a) show that the average temperature change increases exponentially as the current increases toward the critical current. The plots in figure 9(b) show that the average temperature change becomes approximately linear with voltage when the voltage is increased past half the critical voltage. These results agree with the model predictions, and the linear actuation range is desirable for many applications.
The case 1, case 2 and case 3 model predictions of the dc behavior agree with each other within 2% for all actuation ranges. This result reiterates that the simple case 1 and case 2 models can be effectively used to predict the behavior of an electrothermal transducer. The analytical model predictions agree with the FEM simulations within 5% for all actuation ranges. This is perhaps the best validation of the models because the geometric and material parameters used in the models and FEM simulations are identical. The experimental data matched the FEM simulations and analytical model predictions within 10% for all actuation ranges. The analytical model predictions and FEM simulations were based on the assumptions that the material parameters of the device were known and equal to published data, and that the geometric parameters of the device were known. Sources of error include inaccurate representation of the material and geometric properties of the device and nonlinear thermal effects.
Thermal imaging experiment.
Thermal imaging experiments were conducted using a QFI Infrascope II thermal imaging system 3 . The micromirror was actuated in a 0-15 V range and thermal images were taken at each step within the actuation range. The substrate temperature of the device was held constant at 25
• C using a liquid nitrogen cooler. Figure 10 (a) shows a thermal image of the device at an applied voltage of 15 V. The temperature distribution across the length of the device at 15 V is shown in figure 10(b) . The thermal imaging system is not able to accurately resolve temperatures below 60
• C. This is why the thermal imaging produced temperatures close to the substrate are higher than 25
• C. To estimate the convection coefficient in each device region, the convection coefficient used in the case 3 model was iterated to fit the model distribution to the thermal imaging data. Using this approach, a convection coefficient of 122 W K −1 m −2 was determined on the surface of the device. An FEM simulation of the temperature distribution at 15 V using the described convection coefficient is also shown in figure 10(b) . The convection coefficient determined by the thermal imaging experiment is different than the convection coefficient determined by the open-air dc characterization experiment. The open-air dc characterization experiment was conducted in a different environment than the thermal imaging experiment. The difference between the determined convection coefficients could be due to different conditions in the environments such as air currents that lead to forced convection.
From the thermal imaging data, the position of maximum temperature (shown in figure 10(b) ) was found at 124.6 µm. The experimentally determined relative position of maximum temperature is found by taking the ratio of the position of maximum temperature to the total actuator length yielding 124.6/170.1 ≈ 0.73. Using the convection coefficient to calculate the external thermal resistances in equation (8) yields a case 1 balancing factor of 0.75. As was described previously, the case 1 balancing factor is equivalent to the relative position of maximum temperature. The case 1 balancing factor predicts the experimentally determined relative position of maximum temperature within 3% compared to the thermal imaging data. The temperature distributions produced by the thermal imaging data, case 3 model and FEM simulation agree within 7% for all positions along the length of the device.
Conclusion
Analytical models of the electrothermal behavior of an electrothermal transducer have been presented in this paper. The models are developed from the heat transport equation with different considerations of surface convection and the power density. It was shown that the simpler case 1 and case 2 models can effectively predict the average temperature change within a factor of 12/π 2 ≈ 1.216 for all actuation ranges compared to the more accurate and complex case 3 model. It is analytically and experimentally verified that an electrothermal transducer can be linearly actuated with respect to voltage when operated above half the critical voltage. A balancing factor has been derived and can be used to calculate the relative position of maximum temperature and matches the thermal imaging data within 3%. The analytical models agreed with all FEM simulations and experimental results within 10%. Future work includes determining the cause of the nonlinear relationship between the average temperature change and applied power and conducting more controlled experiments to estimate the convection coefficient.
